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Abstract We investigate Holographic Dark Energy Cor-
respondence of Interacting Generalized Chaplygin Gas
model in the framework of compact Kaluza-Klein cos-
mology. The evolution of the modified holographic dark
energy and the equation of state parameter is obtained
here.Using the present observational value of density
parameter a stable configuration is formed which ac-
commodates Dark Energy. we note a connection be-
tween Dark Energy and Phantom field and have shown
that Dark Energy might have evolved from a Phantom
state in the past.
1 Introduction
Contemporary cosmological observations predict that
we live in an accelerating universe [1]. It remains to be
understood, how to incorporate the observational pre-
dictions naturally in the standard frame work of cosmol-
ogy. It is also predicted that 73% of the matter-energy
content of the universe is due to something which has
a negative pressure and commonly known as Dark En-
ergy (DE). However, a tiny cosmological constant may
be useful to address the observational data satisfac-
torily. Unfortunately while this solves the acceleration
problem fairly well, it evokes other problems, e.g. the
problem of fine tuning and cosmic coincidence problem
etc. However, the above accelerating universe problem
may be addressed in two ways: (i) considering modified
theory of gravity, i.e. modifying the gravity sector or
(ii) considering some unusual form of matter/energy so
as to yield an accelerating phase in late universe, i.e.
modification of the matter sector. In the former case a
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number of theories of gravity, for example with f(R)
[5], f(T ) [6] or f(G) [7] are proposed. A large num-
ber of other matter fields e.g. quintessence [8], tachyon
[9] etc. are considered to modify the gravitational sec-
tor. Chaplygin gas (CG) was first introduced in 1904 in
aerodynamics but recently it is being considered as one
of the prospective candidate for dark energy. Although
it contains a positive energy density it is referred as
an exotic fluid due to its negative pressure. CG may
be described by a complex scalar field originating from
generalized Born-Infeld action. The equation of state
for CG is given by:
p = −A
ρ
, (1)
where A is a positive constant. Later, a modified form
of CG was considered [10, 11]. The equation of state for
the modified CG is given by:
p = − A
ρα
, (2)
where 0 ≤ α ≤ 1. This modified fluid is known as Gen-
eralized Chaplygin Gas (GCG). At high energy GCG
behaves almost like a pressure less dust where as at low
energy regime it behaves like a dark energy candidate
its pressure being negative and almost constant. Thus
GCG smoothly interpolates between a non-relativistic
matter dominated phase in the early universe and a
dark energy dominated phase in the late universe. This
interesting property of GCG has motivated people to
consider it as a candidate for unified dark matter and
dark energy models on the other hand modification
of the underlying theory of gravitation, however, can
be thought of from a fundamentally different perspec-
tive. One of the interesting approaches is the theory
of extra dimensions due to Kaluza [12] and Klein [13].
ar
X
iv
:1
20
3.
21
13
v3
  [
gr
-q
c] 
 11
 M
ar 
20
13
2They used a 5D spacetime to unify gravity and electro-
magnetism. Kaluza-Klein (KK) model has been used
in many literature for studying the models of cosmol-
ogy as well as particle physics [14, 15]. The cosmol-
ogy of 5-dimensional with pure geometry has a feature
that properties of matter in 4 dimension is induced by
the 5D geometry itself by virtue of what is known as
Campbell’s Theorem [16]. However, KK cosmology is
also studied by including matter as well [17, 18] Re-
cently another very interesting approach in quantum
gravity, namely the holographic principle [19], is used
to understand the DE problem. According to this prin-
ciple:all information inside any spatial region can be
observed, instead of its volume, on its boundary sur-
face. It was shown by Cohen. et. al. [20] that quantum
zero point energy of any system of size L (its Infra Red
(IR) cutoff) can not exceed the mass of a black hole of
the same size. So, if ρv denotes the quantum zero point
energy density and MP be the reduced Planck Mass
L3ρv ≤ LM2P . A number of literature appeared [20, 21]
where it was discussed how this Holographic principle
could set up a proper ultraviolet cut off for the quan-
tum zero point energy of the universe which in turn
prevents one from grossly overestimating the value of
Λ from field theoretic consideration. Very recently the
idea of Holographic Dark Energy (HDE) has been in-
corporated to build an interacting dark energy model in
KK cosmology [22]. In this letter, using the above the-
ory we reconstruct the HDE model with GCG in the
framework of KK cosmology. The letter is organized as
follows: in section 2. field equations for KK cosmology
are introduced. Then in section 3. we propose the In-
teractive Holographic GCG model in KK cosmology.
The stability of the model is discussed in section 4. and
finally in section 5 a brief discussion is presented.
2 Field Equations of Kaluza-Klein Cosmology
The Einstein field equation is:
RAB − 1
2
gABR = κTAB (3)
where A and B runs from 0 to 4, RAB is the Ricci
tensor, R is the Ricci scalar and TAB is the energy-
momentum tensor. The 5-dimensional spacetime metric
of Kaluza-Klein (KK) cosmology is given by [23] :
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2(dθ2
+sin2θdφ2
)
+
(
1− kr2)dψ2] , (4)
where a(t) denotes the scale factor and k = 0, 1(−1)
represents the curvature parameter for flat and closed(open)
universe. We consider a cosmological model where KK
universe is filled with a perfect fluid. The Einstein’s field
equation for the metric given by (4) becomes:
ρ = 6
a˙2
a2
+
k
a2
, (5)
p = −3 a¨
a
− 3 a˙
2
a2
− 3 k
a2
. (6)
For simplicity, we consider a flat universe, i.e. k = 0.
The above equations (eq. (5) and eq. (6)) reduce to:
ρ = 6
a˙2
a2
, (7)
p = −3 a¨
a
− 3 a˙
2
a2
. (8)
The Hubble parameter is defined as H = a˙a . T
µν
;ν = 0
yields the continuity equation:
ρ˙+ 4H(ρ+ p) = 0 (9)
Using the equation of state p = ωρ, the equation of
continuity becomes:
ρ˙+ 4Hρ(1 + ω) = 0 (10)
We consider two kinds of fluids with total energy den-
sity ρ = ρΛ+ρm, ρΛ corresponds to dark energy and ρm
is for matter inclusice of Cold Dark Matter (CDM) with
an equation of state parameter ωm = 0 hold separately.
For non-interacting fluid, the conservation equations for
pΛ, ρΛ and pm, ρm. However, in the case of interacting
dark energy models we consider the following equations
admitted by the continuity equation :
˙ρm + 4Hρ(1 + ωm) = Q (11)
ρ˙Λ + 4Hρ(1 + ωΛ) = −Q (12)
where Q denotes the interaction between dark energy
and dark matter.
3 Interacting Holographic GCG model
Consider the interaction quantity Q to be of the form
Q = ΓρΛ and denote the ratio of the energy densities
with r, i.e. r = ρmρΛ . This gives the decay of GCG into
CDM and Γ is the decay rate. Following ref. [24] we
define effective equation of state parameters as follows:
ωeffΛ = ωΛ +
Γ
4H
and ωeffm = −
1
r
Γ
4H
(13)
The continuity equations are given by:
˙ρm + 4Hρ(1 + ω
eff
m ) = 0 (14)
ρ˙Λ + 4Hρ(1 + ω
eff
Λ ) = 0 (15)
3In terms of Hubble parameter the Friedmann equation
in flat KK universe can be rewritten as:
H2 =
1
6
(ρΛ + ρm) , (16)
where we consider M2p = 1. Density parameters are
defined as:
Ωm =
ρm
ρcr
, ΩΛ =
ρΛ
ρcr
, (17)
where ρcr = 6H2. In terms of density parameters equa-
tion (16) becomes:
Ωm +ΩΛ = 1 (18)
Using eqs. (17) and (18) we obtain:
r =
1−ΩΛ
ΩΛ
(19)
We consider here GCG for describing interacting dark
energy model (EOS is given by eq. (2)). For GCG in
KK cosmology the energy density is:
ρΛ =
[
A+
B
a4(1+α)
] 1
1+α
(20)
The EOS parameters ω are given by:
ωΛ =
pΛ
ρΛ
= − A
ρα+1Λ
= − A
A+ B
a4(1+α)
, (21)
ωeffΛ = −
A
A+ B
a4(1+α)
+
Γ
4H
. (22)
Now we consider a holographic correspondence for GCG
in KK cosmology. For that as shown in [22] the energy
density for flat KK universe :
ρΛ = 3c
2pi2L2. (23)
The infrared cutoff of the universe L in the flat KK uni-
verse is equal to the apparent horizon, which coincides
with Hubble horizon [25]. So we can write as in [22]:
ra =
1
H
= rH = L (24)
The decay rate [26] is now given by ,:
Γ = 4b2(1 + r)H (25)
Using eq. (25) in eq. (22) we obtain:
ωeffΛ =
b2 − 2
1 +ΩΛ
. (26)
The correspondence between holographic dark energy
and GCG in KK model enables us to equate eq. (20)
and eq. (23), which gives:[
A+
B
a4(1+α)
] 1
1+α
= 3c2pi2L2. (27)
Using eq. (23) and eq. (22), we compute A, which is
given by :
A =
b2 − 2ΩΛ
ΩΛ(1 +ΩΛ)
(3c2pi2H−2)1+α (28)
Once again using eq. (28) in eq. (20), and comparing it
with eq. (23) we determine B, which is given by:
B =
Ω2Λ −ΩΛ − b2
ΩΛ(1 +ΩΛ)
(3c2pi2H−2a4)(1+α). (29)
4 Squared Speed Of Sound in Chaplygin Gas
and Stability of the Model
Stability of the GCG model may be analyzed determin-
ing the squared speed for GCG which is defined as:
v2g =
dpΛ
dρΛ
. (30)
The GCG model is unstable if v2g < 0 [24]. For our
model of holographic interacting GCG:
v2Λ =
dpΛ
dρΛ
=
p˙
ρ˙
. (31)
In this case p˙ is given by:
p˙ =
˙
ωeffΛ ρΛ + ω
eff
Λ ρ˙Λ (32)
where the over dot means differentiation with respect
to time. So the expression for squared speed becomes:
v2Λ = ω
eff
Λ +
˙
ωeffΛ
ρΛ
ρ˙Λ
. (33)
Using eq. (26) one would obtain:
˙
ωeffΛ = −
b2 − 2
(1 +ΩΛ)2
Ω˙Λ, (34)
where Ω˙Λ is determined from eqs. (17) and (23). Using
the relation L = 1H , we get:
Ω˙Λ = −2c2pi2 H˙
H5
. (35)
Using the values for ˙ωeffΛ and
˙
ΩeffΛ in eq. (33), one
obtains:
v2Λ = ω
eff
Λ −
c2pi2(b2 − 2)
H4(1 +ΩΛ)
= ωeffΛ (1− 2ΩΛ). (36)
Recent predictions from various observations puts a
value on ΩΛ ≈ 0.73, which will be used here. From
eq. (36) it would give v2Λ = −0.46ωeffΛ . But ωeff < 0
since it represents a form of dark energy, which ensures
that v2Λ > 0. Thus it is evident that our GCG model is
stable at the present epoch.
5 Discussion
In this letter, a holographic dark energy (HDE) model is
obtained considering interacting generalized Chaplygin
Gas in KK Cosmology. Recently, Sharif and Khanum
showed that interacting dark energy models can be pro-
posed in the framework of compact KK cosmology. It
is also shown that generalized second law of thermo-
dynamics (GSLT) holds good at all time in the HDE
model considered here. The above properties holds good
in the case of interacting dark energy model described
by GCG. It is seen from eq. (26) that the decay rate or
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Fig. 1: (Colour Online)Variation of (a) Effective dark energy equation of state and (b) squared speed for GCG is
shown with ΩΛFor different choices of b2
the interaction term may be computed at the present
epoch for a given ωeffΛ . For example if we chose ω
eff
Λ =
−1 at the present epoch it corresponds to b2 = 0.27.
Naturally for b2 < 0.27 the dark energy behaves like
phantom. Since ΩΛ is different for different epoch b2
will take different values. Thus the dark energy might
have evolved from a phantom phase at early epoch. This
is evident from fig. (1a). It is to note that HDE model
for Interacting GCG is unstable in standard GR (as
shown by Setare in [24] ) but in KK cosmology a sta-
ble model for the same is possible at the present epoch.
This is evident from fig. (1b) where stability is studied
by a plot of vΛ2 (squared speed) with ΩΛ for various
choices of b2.The squared speed of sound in the case of
GCG is not very much sensitive to b2 values and be-
comes positive at around ΩΛ ≈ 0.5 for a range of b2
values.
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